
ModeConinean of Hypersurfaces
T

# CHodge Concan) A Hodge Structure He = pDHPR has Hodge
animan c if HPkP = 0 for Pac and H70.

f

(E) Chance for p > k-c

· If X is a smooth complete interaction in IP", colimX = U ,
their

by Letscherz hypsplace
there Hkp") => H(x) for out

=> Only H
*Prim(x) is intersting.

Hat(p") -> H
**

(x)

· By Griffiths theory of Hodge fittration ofhypesufaces (and later

generalization by Terasona ,
Konno

,

Dinca
, Espault-Levine-Viehney--- -),

we have

Theorem1 : XIP" a smouth complete intersection of typersurfaces
-

of dynee
dieda--edr

Then (MF(X) has Holge conimem 0
= di + (21) dr

prom
· Curated Block nature (for smoth omplete internation on PY)

any-① deteinteration of r hypersurfaces of define
XCpW,Smoothad
depe

24-20- IF·

If us Edi + 121) dr ,

then a : CHi(x)-Hex , @
is injective for i = c1 .



· When C =1, n = di X: Famo complete internation
= 1

Ho(X, (x) = 0

=> X is rationally connected => CHo(X) = 0

1So conjecture holds (
· Unknown for 112

· There(Voisin 1996

For each (Rid) ,
there is XEI" a hypersurface of degreed

that satisfines Contracture
The there depends on the following theorem :

Theore (Levine
- Esnault-Vichung , 1994)
-

Let X <" be a smooth hypersurfaces of agreed.
Assure that X is spaced by r-planes /" ,

i

.

e. ExeX
-

= a line subspace IPV of pp" such that x- PVIX.

Then"ChelXMnQ = 0 for NEU-1

as Cr(XQ is generated by the classes of EX
.



Pot (of E-C-V) &

not F = Gu(r , X) = G-Ir . Ph)
> parametering &X

Generic Q
= Gex , P) = XXFIxxP] - the univered family& finteY

⑨ EX & Go is suspective by assuption
PO ↑

By assumption of replacing F by its disignlaratio
agenF and its subvariety ,

we way
assue

andle
g is querie finite .

& let h = ( *x() , H-8th = 0
as a proportive bundle-

Claim : for 18,
↓ G dig(8)- Id

⑪sy .

Helx)

( !- CHer(Q) CHeQ)
↳

18 by projection foundat **

CH)A CHe(X(
- Commute up

toa SinceL↓ at ↑u
1 :Xph A

e+, (PY)
[X] = dh in PirCIP")

-



DEx8
*
= (dy g) Id

*

& G2(5th-2) = t - Exh (Projection formula
&x

*
= dh

o Q is a projective bundle of rank r over I
So we

have a decomposition of CH(Q) compatible with

Lerary-Hirsch there for chology :

· Ce(Q) =DHp
*

CHe-r

· H(Q) = @ A paych (7)
02ke

=> For kr , CHQ)* Che(Q)
and CHu(Q) CH(Q) is sujective except for

P
*

CHo(F)
e) Everything is compatible with class

mapp
thes we can

consider CHEC from version

& Cte(P(non=O = I is proved
For 2) . ExCHo(f) is quented by 1PO places·

It



Lemma (Roitman) -
-

X =VIEP" , f-degreed with don
Then Iph is covered by lines I with

either heX = point
~Vif) or l =X

-

off Say X = 0 / Ph
,
xopht2

l =Stilty
The f(tz) = edfalx + - + foliy · fo(x = 0 Since xV(f) .

(1 X = (x3 = +d+ (x) = -- = f(x) =0
So ↓

-
or leX fa +O

( Only d equations

I& falx) = 0 Sine den
,
so FX there

is some I with 11x = Px)

-Foisin'sexamples : Write N+ s

* =X.

↳

Let fi e DEXo . ~- XR]
fr - , fu e [X .

- > Xa]
fo D[X1 . - >

Xd+s]
Set f(xo -

-- Xcets) = fi(Xo .
-

> Xd) + fr(Xe .
-- ,Xad) +-

- -
+ fa (Xzde ,

- xzxd) + fc(Xayd+ 1
-
- -

, Xen+)
: VxX = VIf) , there exists ppt such that &X = 1p

**

= picX
XE



For simplicity , conside the case E2 .
n=2+S G

f = f, (Xo .- Xa) + factors Yats) ,
pact's

So

· Given 140 .%) - spects
, may

assure pat * pd+s- 1

Xo,Yo # 0 -

[x] S
, y]

wide By Lena ,
70 Ep

& st f(sXo+Xi)= S&

S f, (sXo++X)

T
[S

, t] II

⑧

R (Xo .Y) V (axo . H : )
&

<Xo , 0] ,
dis-17 = ppdes

By lua , E *
' &st f(d(Xo ,) + V (axo+ Y ,)) =v

↑

ficuarXo) fo (uMo+VH)
-

"d

Consider IPC= <TXo . 0] , 67.
(utavs

Then fl+ CX .,0] + MEXo .Yo] + v(X0 ,Y
,]) = Gears + vdcuray
=
d



So pl = ([X0] , [xo .Yob] = X & p2 &

In general , prome by induction) A
-

&Ehstheory
(X ↓ smooth proj variety
dix=

v =X1y is X
Up ↓

↓
Y :

Smooth hypersurface Y-X
Ruf(Pole Order Filtration(
On the complex x(* Y) ,

where r *Y) := Chy)
,

we define
P

PRY(*Y) : 0+ -- -> 0 - 2x()- (2y) -

-lipe ,minedyGthP)-
-

1

&P = F
~

(logy) · 2) E (i) ,P) R , i)(ex
↑
brte filtration-

In particular , PP(V . C) = FPHRIV, (C)

Remark : If X =" and 7 is a gular hypesuface ,
then

-

Religue-Dinca show that poth(U . C) 2 FOLIV , C)
,

and

are not equal in general



Assumption &

EFF(X , Rit)) = 0 for B1 ,
isl

, pro

-

condition holds ifRemank

& Y is sufficiently imple
or

DY is only ample but X satisfies Bott's vanishing there

Gollay (Griffhs ( (Eg . X =
h
or X is toric

-

· Under #assuption , poR(*Y) is E-acyelic.

=> FPHdN
, () = 18X , PPRX(y) = HP([(X , PorY(Y)

2 patile , for 1 = n ,F , () = Hor
*

x (d- p +1)t))
-

d H(*((ap(y) (
& On the other hand

,
there is an exact

sequence of its i
·

Hh(x) -> HAVG -> HBH(X , 0) + H*+ (x) - Hh+(V)
// exicision

f+1

H crix , Nix-Y) U (Gysin map)1 Thon's iso.

⑭
R

c)(1)
↑ Coincare dual of

SI ,
"Ne push forward of honelogy)



· Now assume T is ample and k=n
.
The me hose SES

*

j
*

illes·

o - Hom(X) -> H (U) -> H
*

CY(4+ 0
van

-

"(x) 2) CH) H(x))->I-

LH" - (X) -
-

wh(V) GrH(U)
· From now on

,
let X =

"

and y = degree of hypersface.
Eri Res

=>
PH(U , c) > My
II

H(p" , KKPy)) Y
ame -P

+

)
-

-

RrCp", <P-T)
↓
HP

↓

Youn-



The (Griffiths ) Do giPd -n+1
/

·

If we identify ri(Ku(py))
=Ho" , Oppn(od-n- )),

nt Odtet
then driCP" , ECP-1)y)) + H%p", Rpu(p-T) = If
In particular, Room=HNPP

S = /Xo , -Xin] · Y = V(f)

--]
Rf :=

S

Et
Karenk : We know exactly when R * 0·
-

There Claeulay(-

at G : (i= 0 , -> h) be a regular cef- of homogeneous

polymonials of degree di .

Set R =
&Xo .
-

- Xn]
--ES & 6n]

Then Rg is graded Goverstein with soce in degree N.N

W = I di -n - 1
in

(In other words , there is a perfect pairing RBRR)
2

(In particular , Rq0 - OLEN)



Cor : Hpn(y) has conven = C) U = Cd #

(of) HAP (y) = RE O EOEP-
alway holds for de

Dleinternation case :
Terasoma's trick :
-

W = Smooth pap variety of don se

V

X : complete intersection of sations of ample line budley
h .. phy (coding)

at 8 = hehe--or and Xz = Vintfr)) < P(E)
in

Q

k Onz(l) WE
Observation : Get NalXz-

& P(ax) E WE auf ↓ is anaffore vector bule

↓ zo ↓
WIX

X = w

2 (WE . Xz) satisfies & condition of W satisfies

Bott's vanishy-



12ko*
+I ↓
n② Proposition : H(X , Q) -> 4 (Xz

,Q)-

his of
Van

is an isomap Is of type (+, 2-1).
(of) We have

of H
n+r 1
(w)
-- > hert (w -Xy-> Han(X) + 0
in

Claim Is Jhe
*

· X xI vom

·ct l = P(Owe)). Then by letscheto hypoplane there

I(HMr(x) E> yertn)) = In lithtm)), (2)
· Also

, Hh(Wel= HAW) and
19

= Ex = I (VG()) (Ul)"
-)S Mr Nux) (

Since =_[Devri
iEV-1

=O

17



Now for W =

Y

, bi = Oldi) , we have FPH(X) Es

'IH(WE , KneeDwe(p)) -> FM-PyntUU .) -> FAUP , NXEC

I N : Knz = Owe(r) + * def (8) + T*Ky
I by relative Euler say

HCWE , OreIP-r) @P(di--)
I poj-fomla

Student) a0(Ed -n-1)
So
-

= 0 if Edi + <P-r)Supsdi)-n-10
1


